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The main purpose of this paper is to study maximal non-Noetherian subrings R
of a domain S. We give characterizations of such domains in several cases. If the
ring R is semi-local, R S is a residually algebraic pair and R is a maximal non-
Noetherian subring of S, we give sharp upper bounds for the number of rings and
the length of chains of rings in R S, the set of intermediary rings.  2002 Elsevier
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0. INTRODUCTION
All rings considered in this paper are supposed to be integral domains.
The quotient ﬁeld of a ring R is denoted by qf R, the Krull dimension
dimR, and the integral closure R′. For a ring extension R ⊂ S, we denote
by R S the set of all rings T such that R ⊆ T ⊆ S, by trdegS  R the
transcendence degree of qf S over qf R, and by R∗ the integral closure
of R in S. If the set R S is ﬁnite, we will denote by 
 R S 
 its cardinality.
If P and Q are two primes of R such that P ⊆ Q, then PQ denotes the set
of all primes Q′ of R such that P ⊆ Q′ ⊆ Q. Let R be a domain; we denote
by Rn the ring of polynomials in n indeterminates with coefﬁcient in R,
(for n = 1, R1 = RX is the ring of polynomials in one indeterminate).
We recall that a ring R of ﬁnite (Krull) dimension n is a Jaffard ring if
its valuative dimension (the limit of the sequence dimRX1    Xn − n,
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n ∈ , dimv R, is also n. Pru¨fer domains and Noetherian domains are
Jaffard domains. The notion of a Jaffard ring is not a local property, and
thus we say that R is a locally Jaffard ring if RP is a Jaffard ring for each
prime ideal P of R. We assume familiarity with these concepts as in [1, 3, 6].
A. R. Wadsworth in [16] considered pairs of domains R ⊆ S such that
each domain T in R S is Noetherian. In [15] S. Visweswaran noticed that
if S = ky1     yt is an afﬁne domain (where k is a ﬁeld) having Krull
dimension n > 0, I is a nonzero proper ideal of S, and D is a subring of
k, then the ring R = D+ I may be non-Noetherian, but each ring T such
that R ⊂ T ⊆ S is Noetherian. In view of this, he introduced the follow-
ing deﬁnition: “Let A be a subring of a Noetherian ring B. Then A is said
to be a maximal non-Noetherian subring of B if A is non Noetherian and
any subring of B that properly contains A is Noetherian.” S. Visweswaran
characterized the case where D + I is a maximal non-Noetherian subring
of ky1     yt [15, Proposition 2.1]. Our purpose here is to complete this
circle of ideas by dealing with maximal non-Noetherian subrings in the gen-
eral case. In the ﬁrst section, we settle the elementary properties of maximal
non-Noetherian subrings. We show that if R is a maximal non-Noetherian
subring of S, then R is integrally closed in S and qf R = qf S. As
Section 1 details, examples of maximal non-Noetherian subrings abound;
the list thereof is augmented in Proposition 1.3 via localization and pas-
sage to the quotient rings. Corollary 1.4 indicates that if R is a maximal
non-Noetherian subring of S, then R ⊂ S satisﬁes a weak form of INC. In
Theorem 1.6 we give necessary and sufﬁcient conditions for certain pull-
backs to be maximal non-Noetherian subrings. Section 2 is concluded with
the study of maximal non-Noetherian subrings of their quotient ﬁelds. We
prove that R is a maximal non-Noetherian subring of qf R if and only if R
is a rank 1 nondiscrete valuation domain or R is a rank 2 valuation domain
with a rank 1 discrete valuation overring. Our motivation for deepening
the study of maximal non-Noetherian subrings is related to the following
result (Theorem 3.1): If R S is a residually algebraic pair such that R is
local and S is not a ﬁeld, then R is a maximal non-Noetherian subring of
S if and only if R is a maximal subring of S, S is Noetherian, and R is not
Noetherian. Section 3 explores consequences of such a result. Theorem 3.7
is devoted to giving a characterization of maximal non-Noetherian sub-
rings when R S is a residually algebraic pair and R is semi-local. In
Proposition 3.8, we give sharp upper bounds for the number of rings and
the length of chains in R S, for a residually algebraic pair when R is
a semi-local and maximal non-Noetherian subring of S. The ﬁnal aim of
this section is to generalize the results 3.6 and 3.7 (see Theorem 3.10).
In Section 4 we are interested in maximal non-Noetherian subrings in the
case where R is local and R S is not a residually algebraic pair. We
prove that in this case R and S share an ideal M maximal in R such that
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trdegS/M  R/M = 1 and S/M is a ﬁnite-type module over each inter-
mediate ring properly containing R/M . As a consequence we prove that
if R is local, S is not a ﬁeld, and R is a maximal non-Noetherian subring
of S, then R is not completely integrally closed. In the last part of this
section we will take care of the theory of the dimension. We prove essen-
tially that if R is a maximal non-Noetherian subring of S such that S is
not a ﬁeld, then R is locally of ﬁnite Krull dimension, R is totally Jaffard,
and dimR = dim S or dim S + 1. As Example 4.7 reveals, Corollary 3.2 is
the best possible case. This counterexample is derived from our study, and
it answers a question of D. E. Dobbs concerning lying-over pairs [8]. To
shorten this introduction, we have chosen to recall relevant deﬁnitions and
facts as needed throughout the paper. We use the notations in [6] and [12].
In particular, ⊂ denotes proper containment and ⊆ denotes containment
with possible equality. Any unexplained material is standard as in [10, 13].
1. PRELIMINARY RESULTS
Deﬁnition 1.1. Let R be a subring of a Noetherian ring S. R is said to
be a maximal non-Noetherian subring of S if R is non-Noetherian and any
subring of S that properly contains R is Noetherian.
In [15], S. Visweswaran described the maximal non-Noetherian subrings
of S of the type R = D+ I. As an initial step toward understanding what
domains R are maximal non-Noetherian subrings of S, we will determine
how the quotient ﬁelds of R and S must be related. First we give useful
general results about maximal non-Noetherian subrings.
Proposition 1.2. Let R ⊂ S be an extension of integral domains. If R is
a maximal non-Noetherian subring of S, then the following hold:
(i) R is integrally closed in S;
(ii) R and S have the same quotient ﬁeld.
Proof. (i) If we suppose that R = R∗, then there exists x ∈ R∗\R.
Thus Rx is a ﬁnite-type module over R. Since Rx is Noetherian, then
so is R, the desired contradiction.
(ii) First we show that R ⊂ S is algebraic. Indeed, assume that R ⊂ S
is not an algebraic extension; then there exists a transcendental element t
of S over R. Thus Rt is contained between R and S and so is Noetherian.
Thus R  Rt/t should be Noetherian, contrary to the assumption. As
R is integrally closed in S and S is algebraic over R, it is easy to conclude
that qf R = qf S [13, Exercise 35, p. 44].
maximal non-noetherian subrings of a domain 809
We present now some terminology. Let B be an integral domain, let I
be an ideal of B, and let D be a subring of B/I. Consider the pullback
construction of commutative rings:
R → D
↓ ↓
B → B/I
Following [7], we say that R is the domain of the B ID construction,
and we set R = B ID. We emphasize that pullbacks play a central role
in this study.
Recall from [16] that a pair of rings R S is said to be Noetherian if
every ring between R and S and including R is Noetherian. The following
result is basic. We include a proof here for the sake of completeness.
Proposition 1.3. Let R ⊂ S be an extension of integral domains. Assume
that R is a maximal non-Noetherian subring of S; then the following hold:
(a) For each multiplicative subset N of R, either N−1 RN−1S is a
Noetherian pair or N−1 R is a maximal non-Noetherian subring of N−1S.
(b) For each prime ideal Q of S, setting P = Q ∩ R, either R/P S/Q
is a Noetherian pair or R/P is a maximal non-Noetherian subring of S/Q.
Proof. Note that each ring between the localizations of R and S is clearly
the localization of a ring between R and S and that each ring T between
R/P and S/Q is the homomorphic image of a ring between R and S (consid-
ering a pullback, namely the ring T1 of the construction SQ T ). Thus,
in both cases, each ring between is Noetherian, with the possibility that
N−1 R itself, or R/P itself, is Noetherian, in which case, one clearly obtains
a Noetherian pair.
The next result shows that maximal non-Noetherian subrings exhibit a
property shared by all polynomial extensions (cf. [13, Theorem 37]), and
they satisfy an aspect of the INC property.
Corollary 1.4. Let R ⊂ S be an extension of integral domains. Assume
that R is a maximal non-Noetherian subring of S; then the following hold:
(a) If Q is a prime ideal of S such that Q ∩ R = P , then trdegS/Q 
R/P ≤ 1, and, in fact, S/Q is algebraic over R/P unless P is a maximal ideal
of R.
(b) If the primes Q of S above a prime P of R are such that trdegS/Q 
R/P ≤ n, the chain of primes in S above P have length at most n.
Proof. (a) It is easy to see that, if R is not a ﬁeld, some ring between R
and RX (where X is an indeterminate) is not Noetherian (for instance,
if a is a nonunit, T = R + aXRX is not Noetherian), and, hence, that
810 ayache and jarboui
for any domain R (including a ﬁeld), if X and Y are two indeterminates,
some ring between R and RXY  ( in fact some ring between RX and
RXY ) is not Noetherian.
(b) Localizing at P and taking the quotient by a minimal prime above
P , one may assume that R is a ﬁeld and that S is an extension of transcen-
dence degree at most n. Thus the Krull dimension of S is at most n.
Recall that an extension of rings R ⊆ S is said to satisfy the alti-
tude inequality (resp., the altitude formula) if htSQ + trdegS/Q 
R/P ≤ htRQ ∩ R + trdegS  R (resp., htSQ + trdegS/Q  R/P =
htRQ ∩ R + trdegS  R) for each prime ideal Q of S. A domain R
is said to satisfy the altitude inequality (resp., the altitude formula) if
R ⊆ S satisﬁes the altitude inequality (resp., formula) for each ﬁnite-type
R-algebra S containing R [1, 3, 12]. We establish the following result.
Corollary 1.5. Let R ⊂ S be an extension of integral domains. If R is
a maximal non-Noetherian subring of S, then for each ring T between R and
S, the extension R ⊆ T satisﬁes the altitude inequality. In particular, dimT ≤
dimR for each T ∈ R S.
Proof. Let T be a ring such that R ⊂ T ⊆ S and let Q be a nonzero
prime ideal of T . Set P = Q ∩R. By localization of R at P , we can suppose
that R is local with maximal ideal P . Hence by Proposition 1.3, either RT 
is a Noetherian pair or R is a maximal non-Noetherian subring of T . If R
is Noetherian, then R ⊂ T satisﬁes the altitude inequality [13]. Assume
that R is not Noetherian. Since T is Noetherian, then htQ is ﬁnite. It
follows immediately from Corollary 1.4 that trdegT/Q  R/P ≤ 1; thus
trdegT/Q  R/P is obviously ﬁnite. If htP is inﬁnite, then we get easily
htQ+ trdegT/Q  R/P ≤ htP . If htP is ﬁnite, let r = htQ. Pick a ∈ T\R,
b ∈ T (if it exists) such that b¯ ∈ T/Q is algebraically independent over R/P .
Let 0 = Q0 ⊂ Q1 ⊂ · · · ⊂ Qr = Q be a maximal chain arising at Q, and
choose ci ∈ Qi\Qi−1 for i = 1     r. The ring R1 = Ra b c1 c2     cr is
Noetherian. As R1 is a Noetherian extension of ﬁnite type of R, it follows
from [4, The´ore`me 1.2] that the extension R ⊂ R1 satisﬁes the altitude
inequality. Thus if Q′ = Q ∩R1, we get htQ′ + trdegR1/Q′  R/P ≤ htP ,
but htQ ≤ htQ′ and trdegR1/Q′  R/P = trdegT/Q  R/P. This yields
htQ+ trdegT/Q  R/P ≤ htP , as desired.
We state that if R is a local and maximal non-Noetherian subring of T ,
then, as shown later (see Theorem 3.1 and Theorem 4.1), R is a pullback of
the type R = TQD, where Q is a non-necessarily maximal prime ideal
of T . Now the following theorem is introduced as the (very easy) case of
a pullback of the type R = TMD, where M is a maximal ideal of T ,
given here for sake of examples.
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Theorem 1.6. Let T be a domain, let M be a maximal ideal of T , let
K = T/M , let D be a subring of K, and let R = TMD. Then the following
statements are equivalent:
(i) R is a maximal non-Noetherian subring of T ;
(ii) T is Noetherian, D is a rank 1 valuation domain, and K = qf D.
Proof. (i)⇒(ii). From [7, Proposition 1], it follows that R is integrally
closed in T and, thus, from [7, Proposition 2] that D is integrally closed in
K. On the other hand, let D1 be a ring such that D ⊂ D1 ⊆ K and consider
R1 = TMD1. Thus R ⊂ R1 ⊆ T , and, hence, R1 is Noetherian. From
[7, Proposition 1], it follows that K = T/M is ﬁnitely generated as a module
over D1. In particular, as K is a ﬁeld, it is an algebraic extension of D. It
is easy to conclude that K is the quotient ﬁeld of D (one may quote [13,
Exercise 35, p. 44] as for the proof of Proposition 1.2) and that D is a
maximal subring of K, that is, D is a rank one valuation domain.
(ii)⇒(i). The only overrings of D are D and K = qf D. Hence the
only domains contained between R and T are exactly R and T . Since T
is Noetherian and R is not Noetherian, R is a maximal non-Noetherian
subring of T .
We emphasize that Theorem 1.6 gives examples (even in the local case)
of arbitrary Krull dimension (greater than 1): start with a local Noetherian
domain T , with maximal ideal M , let V be a rank 1 valuation domain with
quotient ﬁeld T/M , and the ring of the construction TM V  is a maximal
non-Noetherian subring of T of Krull dimension dimT + 1.
The ﬁnal aim of this section is to prove that RX is never a maximal
non-Noetherian subring of SX.
Proposition 1.7. Let R ⊂ S be an extension of integral domains. Then
RX is never a maximal non-Noetherian subring of SX.
Proof. Assume that RX is a maximal non-Noetherian subring of
SX and consider the ring T = R+XSX. We have RX ⊂ T ⊂ SX.
Indeed, pick s ∈ S\R. We have T = RX because sX ∈ T\RX. On the
other hand, s ∈ SX\T . Thus SX = T . Since T/XSX  R is not
Noetherian, T is also non-Noetherian. This contradicts our assumption.
2. THE CASE S = qf R
The following result gives a characterization of a maximal non-
Noetherian subring R of its quotient ﬁeld.
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Theorem 2.1. Let R be an integral domain. Then the following statements
are equivalent:
(i) R is a maximal non-Noetherian subring of qf R;
(ii) either R is a non-Noetherian rank 1 valuation domain or R is a
rank 2 valuation domain with a discrete rank 1 valuation overring.
Proof. (i)⇒(ii). Since R is a Jaffard domain (from Corollary 1.5,
dimT ≤ dimR for each overring T of R) and each proper overring is
also Jaffard (being Noetherian), it follows from [3, The´ore`me 2.6] that the
integral closure of R is a Pru¨fer domain. As R is integrally closed [from
Proposition 1.2], R itself is, in fact, a Pru¨fer domain. Now, we claim that
R is local. Suppose that M , N are two maximal ideals of R. Then, there
exist f ∈ M , g ∈ N such that f + g = 1. We have R = R 1
f
 and R = R 1
g

but R = R 1
f
 ∩ R 1
g
. As R 1
f
 is Noetherian and Pru¨fer, then R 1
f
 is
Dedekind, and so is R 1
g
. Thus R 1
f
 and R 1
g
 are Krull domains and
so is R. As R is also Pru¨fer, then R is a Dedekind domain, the desired
contradiction. Therefore R is local, and so R is a valuation domain.
We notice that dimR ≤ 2; indeed if dimR ≥ 3, then there exists a val-
uation overring W of R such that dimW = 2. But W is supposed to be
Noetherian, which is impossible. If dimR = 2, then R is a rank 2 valuation
domain with a rank 1 discrete valuation overring; and if dimR = 1, then R
is a rank 1 nondiscrete valuation domain.
(ii)⇒(i). This is trivial.
Remark 22 The converse of Corollary 1.5 does not hold. To see this
it will sufﬁce to consider an integrally closed locally Jaffard domain which
is not a valuation domain. Then R ⊆ T satisﬁes the altitude inequality for
each overring T of R, but R is not a maximal non-Noetherian subring of
qf R [Theorem 2.1].
3. THE CASE R S IS A RESIDUALLY ALGEBRAIC
PAIR OF RINGS
Recall that an extension of integral domains R ⊂ S is residually algebraic
if for each prime ideal Q of S, S/Q is algebraic over R/Q ∩ R [9]. The
pair R S is said to be residually algebraic if for each ring T in R S the
extension R ⊆ T is residually algebraic [5, Deﬁnition 2.1].
In what follows we establish a kind of relationship between residually
algebraic pairs and maximal non-Noetherian subrings. First we recall that
R is said to be a maximal subring of S if R ⊂ S and R S = R S [15].
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Theorem 3.1. Let R ⊂ S be an extension of integral domains. If R S
is a residually algebraic pair such that R is local and S is not a ﬁeld, then the
following statements are equivalent:
(i) R is a maximal non-Noetherian subring of S;
(ii) R is a maximal subring of S, R is not Noetherian, and S is
Noetherian.
Proof. (i)⇒(ii). By [5, Theorem 2.5], S itself is of the form S = RQ,
where Q is a divided prime ideal of R; moreover, R/Q is a valuation
domain. If T is a ring between R and S, properly containing R, then T is
Noetherian. Hence, S/Q is ﬁnitely generated, as a module, over T/Q ∩ T 
[7, Proposition 1]. But S/Q = RQ/QRQ is a ﬁeld, and then T/Q ∩ T  =
S/Q, that is, T = S (as R is a pullback, the rings between R and S are in
one-to-one correspondence with the overrings of R/Q). Thus R is a maxi-
mal subring of S, or, equivalently, R/Q does not admit any proper overring.
Hence, it is obvious that, in fact, R/Q is a rank 1 valuation domain (note
this is [5, Lemma 4.3]; note also this is a particular case of Theorem 1.6).
(ii)⇒(i). This is trivial.
As consequence of Theorem 3.1 and Corollary 1.5 we recover the fol-
lowing corollary.
Corollary 3.2. Let R ⊂ S be an extension of integral domains such that
S is not a ﬁeld. If R is local and R ⊂ Ru is GD for each u ∈ S (in particular
if R is GD), then the following statements are equivalent:
(i) R is a maximal non-Noetherian subring of S;
(ii) R is a maximal subring of S, S is Noetherian, and R is not
Noetherian.
Proof. (i)⇒(ii). Since for each u ∈ S, R ⊂ Ru is going down and
satisﬁes the altitude inequality (Corollary 1.5), then by [5, Corollary 2.11
and Theorem 2.3], R S is a residually algebraic pair. Thus this implication
follows easily from Theorem 3.1.
(ii)⇒(i). This is trivial.
Remark 33. The hypothesis “R local and GD” in Corollary 3.2 is essen-
tial to proving “(i)⇒(ii)” (see Example 4.7).
The next corollary may be viewed as an application of Theorem 3.1.
Corollary 3.4. Let R ⊂ S be an extension of integral domains such that
S is not a ﬁeld and R is a valuation domain. Then the following statements
are equivalent:
(i) R is a maximal non-Noetherian subring of S;
(ii) dimR = 2 and S is a rank 1 discrete valuation overring of R.
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Proof. (i)⇒(ii). Since R is a valuation domain, then S = RQ is itself
a valuation domain and necessarily a (discrete) rank 1 valuation domain
(as it is Noetherian). As R/Q is also a rank 1 valuation domain, we obtain
immediately dimR = 2.
(ii)⇒(i). This is trivial.
Recall that if R S is a residually algebraic pair, then, for each maximal
ideal M of R, RM SM is a residually algebraic pair [5, Proposition 2.4].
If, moreover, R is integrally closed in S, then RM is integrally closed in SM ,
and the hypotheses of [5, Theorem 2.5] apply; hence SM = RQ, where Q is
a divided prime of RM .
Proposition 3.5. Let R ⊂ S be an extension of integral domains. If R S
is a residually algebraic pair of rings such that R is a maximal non-Noetherian
subring of S, then for each maximal ideal M of R, let Q be the prime ideal of
R such that SM = RQ, set h = htM/Q, and we have h ≤ 2.
Proof. If RM SM is a Noetherian pair, then dimRM ≤ dim SM + 1 [11,
Corollary 1.8]; so htM ≤ htQ + 1 and therefore h ≤ 1. Suppose that RM
is a maximal non-Noetherian subring of SM . If SM is a ﬁeld, then RM is a
valuation ring of rank 1 or 2 [Theorem 2.1], so Q = 0 and htM = 1 or 2.
Thus h ≤ 2. If SM is not a ﬁeld, the conditions of Theorem 3.1 hold; hence
RM/QRM is a rank 1 valuation domain. Thus h ≤ 1.
Proposition 3.6. Let R S be a residually algebraic pair of rings such
that R is a maximal non-Noetherian subring of S. Suppose that R is semi-
local, and set M1,    , Mr , the maximal ideals of R. For i ∈ 1     r, let Qi
be the prime ideal of R such that SMi = RQi . Denote hi = htMi/Qi; then
the following hold:
(i) there is a unique maximal ideal Mj of R such that RMj is not
Noetherian;
(ii) hj ≤ 2 and hi ≤ 1 for each i = j.
Proof. (i) If RMi is Noetherian for each i, then R is Noetherian (since
R is semi-local), which is impossible. Thus there exists a maximal ideal
Mj of R such that RMj is not Noetherian. If there exists another maximal
ideal Mk of R such that RMk is not Noetherian, consider the overring T
of R deﬁned by T = ∩RMi 
 i = k ∩ RQk , where Qk is the prime ideal
of R such that SMk = RQk . We have R = ∩RMi ⊆ T ⊆ S = ∩RQi , where
SMi = RQi .
Notice that T is not Noetherian; in fact, we have RMj = TMj is not
Noetherian. We have also R = T , since by [13, Theorem 105], the maximal
ideals of T are Mi, i = k, and Qk (or only Mi, i = k, if Qk is contained
in one Mi, i = k). Hence R is not a maximal non-Noetherian subring of S,
the desired contradiction.
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Assertion (ii) can follow as in Proposition 3.5.
Recall from [14] that R is said to have a minimal overring T if for each
overring T1 of R, we have T ⊆ T1. Here we say that R has a minimal
overring T in S if each ring T1 between R and S contains T . The following
theorem gives a characterization of maximal non-Noetherian subrings R of
a domain S in the case where R is semi-local and R S is a residually
algebraic pair.
Theorem 3.7. Let R S be a residually algebraic pair of rings such that
R is semi-local; then the following statements are equivalent:
(i) R is a maximal non-Noetherian subring of S;
(ii) R is not Noetherian and R has a Noetherian minimal overring in S.
Proof. (i)⇒(ii). By Proposition 3.6, there is a unique maximal ideal
Mj of R such that RMj is not Noetherian. Let Qj be the prime ideal of
R such that SMj = RQj . We have SMj = RMj . Consider R = ∩RMi 
 i =
j ∩ RPj , where Pj ∈ QjMj\Mj satisfying htMj/Pj = 1. For each
i = j, we have RMi = RMi . For i = j, we have RMj ⊆ RMj ⊆ RPj . ThusRMj = RMj or RMj = RPj . But if RMj = RMj , then R = ∩RMi = ∩RMi = R,
a contradiction since the maximal ideals of R are Mi, i = j (and Pj if Pj is
not comparable to Mi, i = j). Therefore RMj = RPj . Now let T ∈R S\R; then T = ∩RHi , where Hi is the prime ideal of R such that
TMi = RHi . Since R ⊂ T ⊆ S, then Hi ∈ QiMi for each i and TMj = RMj
since TMj is Noetherian. Hence R ⊆ T .
(ii)⇒(i). Suppose that R is not Noetherian and R has a Noetherian
minimal overring R in S. Notice that R S is a Noetherian pair since R
is Noetherian and integrally closed in S and R S is a residually algebraic
pair [5, Proposition 4.7]. Then for each T ∈ R S\R, we have R ⊆ T
and T is Noetherian.
In [5] we counted the number of intermediate rings between R and S,
where R S is a residually algebraic pair, R is integrally closed in S, and
R is semi-local. For a maximal non-Noetherian subring we obtain a slightly
more precise result.
Proposition 3.8. Let R S be a residually algebraic pair of rings such
that R is a semi-local and maximal non-Noetherian subring of S. Then
(i) 
 R S 
 = ∏ri=1hi + 1 ≤ 1+ 2r , where r is the number of maxi-
mal ideals of R;
(ii) any chain of rings in R S  R0 ⊂ R1 ⊂ · · · ⊂ Rk has length k ≤
r + 1.
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Proof. (i) Let Mj be the maximal ideal of R such that RMj is not
Noetherian; then by Proposition 3.6, we have hj ≤ 2 and hi ≤ 1 for each
i = j. Thus condition (ii) in [5, Theorem 3.3] is satisﬁed. Hence 
 R S 
=∏r
i=1hi + 1 ≤ 32r−1, but we have a better upper bound. In fact, letR be the minimal overring of R in S. R is semi-local, and if we set r ′,
the number of maximal ideals of R, then we have r ′ ≤ r. As R S is
a Noetherian pair, h′i ≤ 1 for each i, where h′i = hi = htMi/Qi, when
i = j and h′j = htPj/Qj ≤ 1 (Pj is the prime ideal of R deﬁned in the
proof of Theorem 3.7). Thus 
 R S 
 ≤ ∏ri=1h′i + 1 ≤ 2r and 
 R S 
 =
1+
 R S 
 ≤ 1+ 2r .
(ii) By [5, Theorem 3.8], each chain of rings in R S R0 ⊂
R1 ⊂ · · · ⊂ Rk has length k ≤
∑r
i=1 hi ≤ 2 + r − 1 = r + 1.
In the next result, we treat the case where the base ring is assumed
to be semi-local and Pru¨fer. For a ring T we denote by 
SpecT 
 (resp.,

MaxT 
) the number of prime (resp., maximal) ideals of T .
Proposition 3.9. Let R ⊂ S be an extension of integral domains such that
R is a semi-local Pru¨fer domain. If R is a maximal non-Noetherian subring of
S, then
(i) dimR ≤ 2;
(ii) 
 R S 
 = ε2
SpecR
−
SpecS
, where ε ∈ 1 34;
(iii) any chain in R S: R0 ⊂ R1 ⊂ · · · ⊂ Rk has length
k ≤ 
 SpecR 
 − 
 SpecS 

and this upper bound is reached.
Proof. Since R is a Pru¨fer domain and S is an overring of R, then
R S is a residually algebraic pair. Denote by M1M2    Mr the maxi-
mal ideals of R. For i ∈ 1 2     r, let Qi be the prime ideal of R such
that SMi = RQi . Denote hi = htMi/Qi. Let Mj be the unique maximal
ideal of R such that RMj is not Noetherian (see Proposition 3.6). RMj is
a maximal non-Noetherian subring of SMj . Thus either SMj is not a ﬁeld
and dimRMj = 2 [Corollary 3.4], or SMj is a ﬁeld and dimRMj = 1 or
2 [Theorem 2.1]. For i = j, we have dimRMi = 1 since RMi is Noetherian
and is a valuation domain. Therefore dimR ≤ 2, which proves assertion (i).
Since R is a semi-local Pru¨fer domain, then 
SpecR
 is ﬁnite. As R is
integrally closed in S and R S is a residually algebraic pair, then by [5,
Theorem 3.10], 
MaxS
 ≤ 
MaxR
, and since S is an overring of the
Pru¨fer domain R, then 
SpecS
 ≤ 
SpecR
.
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Now let θ = i ∈ 1 2     r 
RMi = SMi = i ∈ 1 2     r 
hi = 0.
We distinguish two cases:
Case 1. dimR = 1. In this case RMj is a non-discrete valuation ring of
rank 1 and so SMj is a ﬁeld. Thus hj = 1. But for i = j we have hi ≤ 1 and
S = ∩RMi 
 i ∈ θ. Thus by Proposition 3.8, we get 
 R S 
 =
∏r
i=1hi +
1 = 2r−
θ
 = 2
SpecR
−
SpecS
.
Any chain in R S has a length
k ≤
r∑
i=1
hi = r− 
 θ 
 = 
 SpecR 
 − 
 SpecS 
 
But notice that the chain R0 = R = ∩RMi 
 Mi ∈ MaxR ⊂ ∩RMi 
 i =
i1 i1 ∈ θ ⊂ ∩RMi 
 i = i1 i2, and i1 i2 ∈ θ ⊂ · · · ⊂ ∩RMi 
 i ∈ θ = S
has length 
MaxR 
 − 
MaxS 
= 
 SpecR 
 − 
 SpecS 
.
Case 2. dimR = 2. In this case RMj is a rank 2 non-Noetherian valua-
tion domain.
• First suppose that SMj is not a ﬁeld. We have hj = 1 and RMj ⊂
SMj = RQj ⊂ qf R. S = ∩RMi 
 i ∈ θ ∩ RQj . Thus 
 R S 
 = 2r−
θ
 =
2
SpecR
−
SpecS
.
Any chain in R S has length
k ≤ r− 
 θ 
 = 
 SpecR 
 − 
 SpecS 
 
The chain R0 = R = ∩RMi 
 Mi ∈ MaxR ⊂ ∩RMi 
 i = j ∩ RQj ⊂∩RMi 
 i = j i1, and i1 ∈ θ ∩ RQj ⊂ · · · ⊂ ∩RMi 
 i ∈ θ ∩ RQj = S has
length

MaxR 
 − 
MaxS 
 +1 = 
 SpecR 
 − 
 SpecS 
 
• Now assume that SMj is a ﬁeld. We have hj = 2, RMj ⊂ RPj ⊂
SMj = qf R. S = ∩RMi 
 i ∈ θ and 
 θ 
 = 
 MaxS 
. Thus 
 R S 
 =
32r−1−
θ
 =  342
SpecR
−
SpecS
.
Any chain in R S has length k ≤ 2 + r − 1− 
 θ 
 = r− 
 θ 
 +1 ≤ 

SpecR 
 − 2− 
 SpecS 
 −1 + 1 = 
 SpecR 
 − 
 SpecS 
. The chain
R0 = R = ∩RMi 
 Mi ∈ MaxR ⊂ ∩RMi 
 i = j ∩ RPj ⊂ ∩RMi 

i = j ⊂ ∩RMi i = j i1 i1 ∈ θ ⊂ · · · ⊂ ∩RMi 
 i ∈ θ = S has length
MaxR 
 − 
MaxS 
 +1 = 
 SpecR 
 − 
 SpecS 
.
Before leaving this train of thought, we give a result which is a general-
ization of Proposition 3.6 and Theorem 3.7.
Theorem 3.10. Let R S be a residually algebraic pair of rings such that
RMj is not Noetherian for a maximal ideal Mj which is the radical of a ﬁnitely
generated ideal. Then the following statements are equivalent:
(i) R is a maximal non-Noetherian subring of S;
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(ii) R is not Noetherian and R has a Noetherian minimal overring in S.
The proof of this theorem is similar to that of Theorem 3.7, but we need
only the following lemma.
Lemma 3.11. Let R S be a residually algebraic pair of rings such that
R is a maximal non-Noetherian subring of S. If RMj is not Noetherian for
a maximal ideal Mj , the radical of a ﬁnitely generated ideal, then Mj is the
unique maximal ideal of R such that RMj is not Noetherian. Moreover, hj ≤ 2
and hi = 1, for i = j.
Proof. If RMj is not Noetherian, then RMj is a maximal subring of SMj =
RQj . We can ﬁnd a prime ideal Pj of R such that htMj/Pj = 1 and Pj RMj
is a divided prime ideal of RMj . Pick x ∈ Mj\Pj; then Mj RMj =
√
xRMj .
Suppose now that there exists another maximal ideal Mh such that RMh is
not Noetherian and consider the ring T = ∩RMi 
 i = j ∩ RPj . We have
R ⊆ T ⊆ S. We will prove that R = T . Hypothetically, there is a ﬁnitely
generated ideal A such that Mj =
√
A. Thus ARMj ⊆
√
xRMj . It follows
that there exists a positive integer k such that AkRMj ⊆ xRMj . But as Ak
is ﬁnitely generated by some elements a1 a2     an of R, then for any σ ∈
1 2     n, there exist yσ ∈ R\M and rσ ∈ R such that aσyσ = xrσ . Set
y = y1y2    yn; we have aσy = y1y2    yσ−1rσyσ+1    ynx and  yxaσ ∈ R.
Since this is true for each σ ∈ 1 2     n, then  y
x
Ak ⊆ R. By the
deﬁnition of x and y, it is clear that  y
x
 ∈ RMj . Furthermore, if Q is a
prime ideal of R different from Mj , then Ak ⊂ Q. So for each element
z ∈ Ak\Q, we have  y
x
z ∈ R. Therefore  y
x
 ∈ RQ, and we can conclude
that  y
x
 ∈ T = ∩RMi 
 i = j ∩RPj . Hence T ⊂ RMj and TMj = RMj . Thus
R = T . In the other way, we have RMh ⊆ TMh ⊆ RMh . So TMh = RMh is not
Noetherian. Then T is not Noetherian, and this contradiction shows that
Mh does not exist.
Remark 312 (a) If R S is a residually algebraic pair of rings such
that R is semi-local, then the previous theorem can be applied. Indeed,
because R is non-Noetherian, there is Mj such that RMj is not Noetherian.
To prove that Mj is the radical of a ﬁnitely generated ideal, take x ∈Mj\ ∪
Mi 
 i ∈ 1 2     n\j; then Mj =
√x.
(b) If R has no height 1 maximal ideal and every maximal ideal is
the radical of a ﬁnitely generated ideal, then the previous theorem can
be applied: Indeed, if RMi is Noetherian for each i, then RMi SMi is a
Noetherian pair, so RMi = SMi since dimRMi ≥ 2 and R = ∩RMi = ∩SMi =
S, a contradiction. So there is Mj such that RMj is not Noetherian.
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4. THE CASE R S IS NOT A RESIDUALLY ALGEBRAIC
PAIR OF RINGS
In this section we study the case where R is a maximal non-Noetherian
subring of S, R is local, and R S is not a residually algebraic pair. First
we establish the following theorem.
Theorem 4.1. Let R ⊂ S be an extension of integral domains such that
R is local with M as a maximal ideal. Assume that R S is not a residually
algebraic pair; then the following statements are equivalent:
(i) R is a maximal non-Noetherian subring of S;
(ii) S is Noetherian and R = SMR/M, where S/M is not a ﬁnite-
type module over R/M but is a ﬁnite-type module over each intermediate ring
properly containing R/M .
Proof. (i)⇒(ii). There is a ring T between R and S, and some prime
Q of T , such that the extension R/Q ∩ R ⊂ T/Q is not algebraic. With
no loss of generality, one may assume that T is integrally closed in S (if
not, replacing T by its integral closure and Q by a prime ideal above it).
A fortiori, T/Q is not integral over R/Q ∩ R and, hence, not ﬁnitely
generated as an R/Q ∩R-module. Then it follows from [7, Proposition 1]
that R+Q is not Noetherian. Therefore R+Q = R, that is, Q is an ideal
of R. As T/Q is not algebraic over R/Q, it follows from Corollary 1.4 that
Q is maximal in R, that is, Q = M . As R is the pullback R = TQk,
where k = R/Q = R/M is a ﬁeld, it follows from Theorem 1.6 that Q is
not maximal in T . As R is local, it follows from [7, Proposition 3] that Q
is contained in the Jacobson radical RadT  of T . Hence each maximal
ideal M ′ of T properly contains Q and is thus of height htM ′ ≥ 2. The
pair TM ′ SM ′  is Noetherian; hence by [16, Theorem 9], we get TM ′ = SM ′ .
Thus S = T and so R = SMR/M. By [7, Proposition 1], it is clear that
S/M is a ﬁnite-type module over each intermediate ring properly containing
R/M .
(ii)⇒(i). Since S/M is not a ﬁnite-type module over R/M , then R is
not Noetherian. Now let T be such that R ⊂ T ⊆ S. Then T = SMD1,
where R/M ⊂ D1 ⊆ S/M . S/M is a ﬁnite-type D1 module. Hence T is
Noetherian.
Among the several interesting consequences of Theorem 4.1, we limit
ourselves to pointing out the following three corollaries.
Corollary 4.2. Let R ⊂ S be an extension of integral domains such that
R is local and S is not a ﬁeld. If R is a maximal non-Noetherian subring of
S, then R is not a completely integrally closed domain.
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Proof. It follows from Theorem 3.1 and Theorem 4.1 that R is a pullback
of S. Thus R is not completely integrally closed.
Corollary 4.3. Let R ⊂ S be an extension of integral domains such that
R is local and S is not a ﬁeld; then R S is a residually algebraic pair if and
only if R ⊂ S is a residually algebraic extension.
Proof. Assume that R S is not a residually algebraic pair; then by
Theorem 4.1, we get R = SMR/M (where M is the maximal ideal of
R) and trdegS/M  R/M = 1. Thus R ⊂ S is not a residually algebraic
extension. The converse is obvious.
Recall that a ring R is said to be treed if all of the prime ideals contained
in any maximal ideal of R are linearly ordered under the containment rela-
tion.
Corollary 4.4. Let R ⊂ S be an extension of integral domains such that
R is a local treed domain (in particular R is GD) and S is not a ﬁeld. Then
R is a maximal non-Noetherian subring of S if and only if R is a maximal
subring of S and S is Noetherian.
Proof. To prove that R is a maximal subring of S when R is a maxi-
mal non-Noetherian subring of S, it is sufﬁcient to show that R S is a
residually algebraic pair [Theorem 3.1]. Assume that R S is not a resid-
ually algebraic pair; then by Theorem 4.1, R = SMk, where M is the
maximal ideal of R and k = R/M . In this case M is not maximal in S and
M ⊆ RadS. Let M ′ ∈ MaxS such that M ⊂ M ′. We have htSM ′ ≥ 2.
As S is Noetherian, then htSM ′ <∞ and there exist inﬁnity incomparable
prime ideals Qλ such that 0 ⊂ Qλ ⊂ M ′ and htQλ = htM ′ − 1. Notice
that M ⊆ Qλ if M = Qλ since dimS/M = 1. As htSM ≤ htSM ′ − 1, we
can ﬁnd Qλ, Qλ′ distinct from M . Take Pλ = Qλ ∩ R and Pλ′ = Qλ′ ∩ R;
then Pλ, Pλ′ ⊂M and Pλ, Pλ′ are incomparable. This is the desired contra-
diction since R is treed. For the converse, it remains to prove that R is not
Noetherian. Since R is a maximal subring of S, then dimR = dim S + 1 ≥ 2
[5], so R cannot be Noetherian since R is treed.
Now we investigate the relationship between maximal non-Noetherian
subrings and Jaffard domains. Before the statement of the next result, it
is convenient to recall that a ring R is said to be residually (resp., totally)
Jaffard if R/P is Jaffard (resp., locally Jaffard) for each prime ideal P of R.
Theorem 4.5. Let R ⊂ S be an extension of integral domains such that S
is not a ﬁeld. If R is a maximal non-Noetherian subring of S, then
(i) R is locally of ﬁnite Krull dimension and R is totally Jaffard;
(ii) dimR = dim S or dim S + 1.
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To prove this theorem we need the following lemma.
Lemma 4.6. Let R be a local ring with maximal idealM . If R is a maximal
non-Noetherian subring of S and R S is not a residually algebraic pair of
rings, then R is Jaffard.
Proof. By Theorem 4.1, R = SMk, where k = R/M . According to
[7], we have
dimRn ≤ Supdim Sn htSnQn + InfdQ n
+ dimkn 
 Q ∈ SpecS and M ⊆ Q
where dQ = trdegS/Q  k and n ≥ 1. As dQ ≤ 1, InfdQ n = dQ. Since
S is Noetherian, then htSnQn = htQ. By Corollary 1.5, htSQ + dQ ≤
htRM = dimR. Hence dimRn ≤ dimR+ n. The inequality dimR+ n ≤
dimRn always holds. Hence R is a Jaffard domain.
Proof of Theorem 4.5. (i) By localization at a prime ideal, we can sup-
pose that R is local. We have to prove that dimR <∞ and R is residually
Jaffard.
The case where R is Noetherian or S is a ﬁeld is clear. Suppose that R is
not Noetherian and S is not a ﬁeld. If R S is a residually algebraic pair,
then S = RQ, dimR = dim S + 1 < ∞, and R/Q is a valuation domain.
Since R = R+Q = SQR/Q, where Q is a divided prime of R, then by
[2], R is residually Jaffard. Now if R S is not residually algebraic, then
R = SMk, where M is the maximal ideal of R and k = R/M .
As any chain 0 ⊂ · · · ⊂ M of R can be left in S in a chain 0 ⊂ · · · ⊂
M ′, then htM ≤ htM ′ <∞. Thus dimR <∞.
Now let P be a prime ideal of R; our task is to show that R/P is Jaffard.
If P = M , then R/P = k. If P ⊂ M , then there exists Q ∈ SpecS such
that Q ∩ R = P . If R/P is Noetherian, then it is Jaffard. If R/P is not
Noetherian, then it is a maximal non-Noetherian subring of S/Q. By appli-
cation of Lemma 4.6, R/P is Jaffard.
(ii) We have dim S ≤ dimR by Corollary 1.5. Now our task is to show
that dimR ≤ dim S + 1. Since dimR = SupdimRq 
 q ∈ MaxR, it is
sufﬁcient to prove that dimRq = dim Sq + 1. We can suppose that R is
local with maximal ideal M . In this case R S is a Noetherian pair or R
is a maximal non-Noetherian subring of S. In the ﬁrst case, we know that
dimR ≤ dim S+ 1 (see [11]). In the second case, R S is a residually alge-
braic pair, and thus S = RQ, where Q is a divided prime ideal of R, and R/Q
is a rank 1 valuation domain. Hence dimR = htQ+ dimR/Q = dim S+ 1.
Or R S is not a residually algebraic pair, and so R = SMR/M. By
[7], we get dimR ≤ Supdim S htSQ+ dimR/Q∩R 
M ⊆ Q = dim S.
Thus dimR ≤ dim S + 1.
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As stated earlier, if we leave out the assumption “R local and GD” in
Corollary 3.2, the following example shows that the implication (i)⇒(ii)
fails. This example also answers a question of D. E. Dobbs. Recall that in
[8] D. E. Dobbs has proved the following proposition [Proposition 3.12 (b)]:
let R S be a lying-over pair of rings such that dimR = dim S = m < ∞
and suppose that every maximal ideal of R is of height m. If either (1)
R ⊂ Ru satisﬁes going down for each u ∈ S\R or (2) Ru is treed for
each u ∈ S\R, then S is integral over R.
David Dobbs asked whether the conclusion of this proposition is always
true (i.e., even in the case in which neither (1) nor (2) holds good).
S. Visweswaran has already given a negative answer to this question [15].
Here we answer this question by using techniques which derive from our
study of maximal non-Noetherian subrings.
Example 4.7. This example provides an extension R ⊂ S of integral
domains such that
(a) R S is not a residually algebraic pair;
(b) R is a maximal non-Noetherian subring of S;
(c) R S answers a question of D. E. Dobbs (see [8]).
Let k be a ﬁeld, and let S = kXY (where X and Y are two indeter-
minates), M = XS, and R = k +M . Then M is an ideal of both R and
S, and it is maximal in R, but not in S. Also, S/M  kY , R/M  k,
and S/M is not a ﬁnite-type module over R/M but is a ﬁnite-type mod-
ule over each intermediate ring D. Although R is not local, it is clear that
R is a maximal non-Noetherian subring of S. We have dim S = dimR = 2.
Indeed, we know that dim S ≤ dimR (Corollary 1.5). On the other hand,
if 0 ⊂ P1 ⊂ P2 ⊂ · · · ⊂ Pk = M is a maximal chain of R, then this chain
can be left in S [7], so dimR ≤ dim S.
For each u ∈ S\R, Ru ⊂ S is integral. Thus dimRu = 2. As Ru is
Noetherian, then Ru cannot be treed.
Notice that if for each u ∈ S\R, R ⊂ Ru is GD, then R is a maximal
subring of S (Corollary 3.2), but we have R ⊂ kX2 +M ⊂ S. One can
check easily that R ⊂ S is not integral. Note that we obtain an example
where R is local by considering the pair RM SM
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